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ESTIMATION OF DRIFT PARAMETER AND CHANGE POINT

VIA KALMAN-BUCY FILTER FOR LINEAR SYSTEMS WITH

SIGNAL DRIVEN BY A FRACTIONAL BROWNIAN MOTION
AND OBSERVATION DRIVEN BY A BROWNIAN MOTION

M.N. MISHRA AND B.L.S. PRAKASA RAO

ABSTRACT. We study the estimation of the drift parameter and the change
point obtained through a Kalman-Bucy filter for linear systems with signal
driven by a fractional Brownian motion and the observation driven by a
Brownian motion.

1. Introduction

Change-point problems or disorder problems have been of interest to statis-
ticians for their applications and for probabilists for their challenging problems.
Recent applications of change-point methods include finance, statistical image
processing and edge detection in noisy images which can be considered as a multi-
dimensional change-point and boundary detection problem. Estimation of change-
points in economic models such as split or two-phase regression and changes in
hazard or failure rates in modelling life times after bone-marrow transplantation
of leukemia patients is of practical interest. A study of change-point problems
and their applications are discussed in the monograph on change-point problems
edited by Carlstein et al. (1994). Csorgo and Horvath (1997) discuss limit the-
orems in change point analysis. Deshayes and Picard (1984) study asymptotic
distributions of tests and estimators for change point in the classical statistical
model of independent observations (cf. Prakasa Rao (1987)). The problem of esti-
mation of both the change point and parameters in the drift and diffusion has been
considered recently by many authors in continuous as well as discrete time. The
disorder problem for diffusion type processes, that is, processes driven by Wiener
process, is investigated in Kutoyants (1984), Kutoyants (1994) and more recently
in Kutoyants (2004). Kutoyants (1994) considered the problem of simultaneous
estimation of the trend parameter and change point for diffusion type processes.
Prakasa Rao (1999) gives a comprehensive survey on problems of estimation for
diffusion type processes observed over in continuous time or over discrete time.
For some recent work on the change point problems for diffusion processes, see
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Lee et al. (2006), Song and Lee (2009), De Gregorio and Iacus (2008) and Ia-
cus and Yoshida (2010, 2012). There has been a recent interest to study similar
problems for stochastic processes driven by a fractional Brownian motion (fBm) in
view of their applications for modeling time series which are long-range dependent.
In a recent paper, Kleptsyna and Le Breton (2002) studied parameter estimation
problems for fractional Ornstein-Uhlenbeck type process. This is a fractional ana-
logue of the Ornstein-Uhlenbeck process, that is, a continuous time first order
autoregressive process X = {X;,? > 0} which is the solution of a one-dimensional
homogeneous linear stochastic differential equation driven by a fractional Brown-
ian motion (fBm) W# = {WH t > 0} with Hurst parameter H € [1/2,1). Such a
process is the unique Gaussian process satisfying the linear integral equation

¢
Xy :xo—i—@/ X.ds+oWH t>0. (1.1)
0

They investigate the problem of estimation of the parameters 6 and o2 based on
the observation {X;,0 < s < T} and prove that the maximum likelihood estimator
Or is strongly consistent as T' — oo. A survey of results on statistical inference for
fractional diffusion processes, that is, processes driven by a fractional Brownian
motion, is given in Prakasa Rao (2010). For more recent work on parametric esti-
mation for fractional Ornstein-Uhlenbeck process, see Xiao et al. (2011), Hu and
Nualart (2010) and Hu et al. (2011). Asymptotic properties of MLE for partially
observed fractional diffusion system are investigated in Brouste and Kleptsyna
(2010) and the problem of optimal sequential change detection for fractional diffu-
sion type processes is studied in Chronopoulou and Fellouris (2013). Mishra and
Prakasa Rao (2014 a,b) have considered the problem of estimation of the change
point and the drift parameter for fractional diffusion processes. Chronopoulou
and Tindel (2013) discuss problems of estimation for fractional differential equa-
tions based on discrete data using the tools from Malliavin calculus. Problem
of estimation of change point via Kalman-Bucy filter for linear systems driven
by fractional Brownian motions is studied in Mishra and Prakasa Rao (2016a).
Local asymptotic normality and estimation of drift parameter for linear systems
driven by fractional Brownian motions are investigated in Mishra and Prakasa Rao
(2016b). A special case of local asymptotic normality and estimation of the drift
parameter, via Kalman-Bucy filter for a linear system with the signal driven by a
fractional Brownian motion and the observation driven by a Brownian motion, is
discussed in Mishra and Prakasa Rao (2016¢).

Our aim in this paper is to consider estimation of the change point 7 and
the drift parameter 6 for a linear system when the signal is driven by fractional
Brownian motion and the observation is driven by a Brownian motion with a small
diffusion coefficient. We assume that 7 € [t1, t2] and § € © compact in R. Consider
the linear system

dX; = 0Xdt+edV Xo=120#0,0<t<T (1.2)
dY;j ft(T)Xtdt+€th,Y0:y0,0StST
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where {V,1,0 < ¢ < T} is the standard fractional Brownian motion with Hurst pa-
rameter H € [%, 1] and {W;,0 <t < T} is the standard Brownian motion indepen-
dent of each other. Suppose that the function fi(7) = hift € (0,7], and fi(7) = ¢
if [7,T] where h and g are known constants with h # g. We assume that the pro-
cess {Y;,0 <t < T} is observable but the state {X;,0 < ¢ < T} of the system is
unobservable.

We now estimate the change point 7 by 7. and 8 by 6. based on the observation
{¥;,0 < t < T} by the maximum likelihood method and study the asymptotic
properties following the methods in Ibragimov and Has’minskii (1981) and Prakasa
Rao (1968). Kutoyants (1994) investigated a similar problem for linear systems
driven by independent Brownian motions. We show that the normalized sequence

(Y0 —0), e 2(7 — 7))

has a limiting distribution as ¢ — 0. We note that the change point problem be-
longs to a class of non-regular statistical problems in the sense that the rate of
convergence of the estimator 7. here is higher than the standard rate of conver-
gence of the maximum likelihood estimator of a parameter in the classical case of
independent and identically distributed observations with a density function which
is twice differentiable with finite positive Fisher information. This was earlier ob-
served by Chernoff and Rubin (1955) in their study of estimation of the change
point for a rectangular distribution, Deshayes and Picard (1984) in their study of
estimation of the change point and by Prakasa Rao (1968) in his study of estima-
tion of the location of the cusp of a continuous density. The rate of convergence
of the estimator 7. observed here is €2 as € — 0.

2. Preliminaries

Let (Q, F, (F%), P) be a stochastic basis satisfying the usual conditions and the
processes discussed in the following are (F;)-adapted. Further the natural filtration
of a process is understood as the P-completion of the filtration generated by this
process. Let WH = {WH t > 0} be a normalized fractional Brownian motion
with Hurst parameter H € (0,1), that is, a Gaussian process with continuous
sample paths such that WH = 0, E(WH) = 0 and

1
EWHWH) = 5[32’1 + 2 s —t]*H],t > 0,5 > 0. (2.1)
Let us consider a stochastic process Y = {Y;,t > 0} defined by the stochastic
integral equation

= t Ss)as t S H
Yt—/o C(s)d +/0 Bs)dWH ¢ > 0 (2.2)

where C' = {C(t),t > 0} is an (F;)-adapted process and B(t) is a non-vanishing
non-random function. For convenience we write the above integral equation in the
form of a stochastic differential equation

dY; = C(t)dt + B(t)dWH t > 0;Y5 =0 (2.3)
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driven by the fractional Brownian motion W#. The integral

/ t B(s)dw! (2.4)
0

is not a stochastic integral in the It6 sense but one can define the integral of a
deterministic function with respect to a fractional Brownian motion in a natural
sense (cf. Norros et al. (1999), Alos et al. (2001)). Even though the process Y is
not a semimartingale, one can associate a semimartingale Z = {Z;,t > 0} which
is called a fundamental semimartingale such that the natural filtration (Z;) of the
process Z coincides with the natural filtration ();)of the process Y (Kleptsyna et
al. (2000a)). Define, for 0 < s < t,

3 1
ki =2H T(5 — H)T(H + 3), (2.5)
kit s) =kts? H(t —s)2 1, (2.6)
2HT'(3—-2H)'(H + %
)\H — ( y ) ( 2)’ (27)
I'(5 - H)
wil = N\ 272 (2.8)
and
t
MH :/ kg (t,s)dWH ¢t >0. (2.9)
0

The process M* is a Gaussian martingale, called the fundamental martingale (cf.
Norros et al. (1999)) and its quadratic variation < M1 >= w . Furthermore the
natural filtration of the martingale M coincides with the natural filtration of the
fBm WH . In fact the stochastic integral

/t B(s)dw! (2.10)
0

can be represented in terms of the stochastic integral with respect to the martingale
M*H . For a measurable function f on [0, 7], let

d [* . .
K{I(Ls) = —2Hd—/ fryrf=z(r — )~ 2dr,0 <s <t (2.11)
S S
when the derivative exists in the sense of absolute continuity with respect to the

Lebesgue measure (see Samko et al. (1993) for sufficient conditions). The following
result is due to Kleptsyna et al. (2000a).

Theorem 2.1. Let MH be the fundamental martingale associated with the frac-
tional Brownian motion W defined by (2.9). Then

/tf(s)de = /t K (t,s)dM t € [0,T] (2.12)
0 0
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P-a.s. whenever both sides are well defined.

Suppose the sample paths of the process {%,t > 0} are smooth enough (see
Samko et al. (1993)) so that the process

Qu(t) = cmdgf/o HH(t,s)gg;ds,t € [0,7] (2.13)

is well-defined where the functions w*? and kg (.,.) are as defined in (2.8) and (2.6)
respectively and the derivative is understood in the sense of absolute continuity.
The following theorem due to Kleptsyna et al. (2000a) associates a fundamental
semimartingale Z associated with the process Y such that the natural filtration
(Z:) of Z coincides with the natural filtration ()};) of Y.

Theorem 2.2. Suppose the sample paths of the process Qu defined by (2.13)
belong P-a.s to L*([0,T],dw™) where w is as defined by (2.8). Let the process
Z = (Zy,t €0,T)) be defined by

7, = /Ot kot (t, $) B~ (5)dY, (2.14)
where the function kg (t,s) is as defined in (2.6). Then the following results hold:
(i) The process Z is a semimartingale with the decomposition

Zy = /Ot Qu(s)dw? + M (2.15)
where MH is the fundamental martingale defined by (2.9),
(i) the process Y admits the representation

Y, = /Ot KE(t,s)dZ, (2.16)

where the function K is as defined in (2.11), and

(iii) the natural filtrations (Z;) and (V) coincide.

Kleptsyna et al. (2000a) derived the following Girsanov-type formula as a
consequence of the Theorem 2.2.

Theorem 2.3. Suppose the assumptions of Theorem 2.2 hold. Define

Au() = espl= [ Quantf =5 [ @k’ (2.17)

Suppose that E(Ag(T)) = 1. Then the measure P* = Ag(T)P is a probability
measure and the probability measure of the process Y under P* is the same as that
of the process V' defined by

t
Vi, = / B(s)yawl o<t<T (2.18)
0
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under the probability measure P.

3. Signal and Observation
Let us consider the model

dX; = 0Xdt+edV Xo=120#0,0<t<T, (3.1)
dYy = fi(n)Xydt +edWy, Yo =140,0<t<T

where {V,(t),0 < t < T} is the standard fractional Brownian motions with Hurst
1
parameter H € {2, 1] and {W;,0 < t < T} is the standard Brownian motion

independent of each other. Let fi(7) = h if t € [0,7] and fi(7) = g if t € (7,T],
with h and g are known constants with A # g. Here 7 is the change point and
6 is called the drift parameter. We assume that the process {¥;,0 < ¢t < T} is
observable but the state {X;,0 < ¢t < T} of the system is unobservable. The
problem is to estimate the drift parameter # and the change point 7 based on
the observation Y = {V;,0 < t < T} and study the asymptotic properties as
€ — 0. The system (3.1) has a unique solution (X,Y’) which is a Gaussian process.
Suppose that we observe the process Y alone but would like to have information
about the process X at time ¢. This problem is known as filtering the signal X
at time t from the observation of Y up to time ¢. The solution to this problem
is the conditional expectation of X; given the o-algebra generated by the process
{Y (5),0 < s < t}. Since the processes (X,Y) is jointly Gaussian, the conditional
expectation of X; given {Y(s),0 < s < t} is linear function of the observation
{Y(5),0 < s < t}. It is also the optimal filter in the sense of minimizing the
mean square error. The problem of finding the optimal filter reduces to finding
the conditional mean (0,7, X) = Ep (X:|Ys,0 < s < t). This problem leads
to Kalman-Bucy filter if H = % Le Breton (1998) investigated this problem for
a simple linear model driven by a fractional Brownian motion. Kleptsyna and
Le Breton (2002) studied the problem of estimation for the fractional Ornstein-
Uhlenbeck process. For optimal filtering for more general fractional stochastic
systems, see Kleptsyna , Kloden and Ahn(1998). As e — 0, the processes converge
to the non-random functions

Ty zxoeet,O <t<T
and

t
ye(7) = / fs(T)asds, 0 <t < t.
0
Let us consider the transformed process
t
Zt:/ ki (t,s)dX,,0<t<T, (3.2)
0

d

¢
= —H/ ki (t,8) fs(T)Xsds, 0 <t <T, (3.3)
dwt 0

Q-(t)
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and define the function

t
Q)= 5o | walt. ). r)rads
where
z, = z0e?, 0 <t <T. (3.4)
Let
MHE = /t kg (t,s)dVE t > 0. (3.5)
0

The process M is a Gaussian fundamental martingale associated with the the
fBm V# with the quadratic variation w* given by (2.8). Furthermore the semi-
martingale Z can be called the signal fundamental semimartingale (cf. Kleptsyna
and Le Breton (2002)). The natural filtrations of the processes X and Z coincide.
In addition, it follows by Theorem 2.2 that

¢
X: =z +/ Ky(t,s)dZs,0<t<T

0
where Ky (t,s) is defined by the equation (4.1) given below.

Suppose that {n;,0 < t < T} is a random process adopted to the filtration
(Ft) such that Eg -(|n:]) < oo on the underlying probability space (€2, F, P). Let
m¢(0, 7,m) denote the conditional expectation of 7; given the observation {Y;,0 <
s < t}. Let {):} denote the filtration generated by the process Y. Let

t
ez/t:Yt—H/ ms(0,7,X)ds,0 <t <T
0

where m(0,7,X) = Ep [ X(¢)|Ys,0 < s < t]. The process v = {14,0 <t < T}
is called the innovation type process. Kleptsyna et al. (2000a) proved that the
process {v;} is a continuous Gaussian ()Y;)-martingale with the quadratic variation
function ¢ and hence a Wiener process. Furthermore, if ( = {(;,0 < ¢t < T} is
a square integrable ();)—martingale, (; = 0, then there exists a ();)- adapted
process a = {ay, 0 < ¢t < T} such that

T
E97T(/ ozfdt) < 00
0
and

t
Ct:/ osdvs, 0 <t < T
0

4. Auxiliary results

Consider the linear system described by (3.1). Define the function

KH(t,s):H(2H—1)/t7‘H_é(r—s)H_gdr. (4.1)
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/ K (t, 7")%7—) dr, (4.2)

Let

t =
p(t; ) dwf[

and let

/ TET) dr. (4.3)

Q(tas) = dwfl/ /{H(tar)KH(Ta 5)

Following the computations given in Kleptsyna et al. (2000b), p.129, for the
processes specified by the system (3.1), it can be checked that that

p(tv 5) = @
and
q(t,s) = fi(r)Ku(t,s).
Furthermore
Q‘r(t) = @XbQT(t) = ftiT) Tt,
and
Uy (03 T, Q) = ft ET) ’/Tt(oa T, X)

Applying Lemma 3 of Kleptsyna et al. (2000b), we get the following representa-
tions for the processes X and @ involved in the filtering problem for the system
governed by the equation (3.1):

t t
Xt:aco—i—/Xsds—l—e/ Kp(t,s)dMP 0<t<T;
0 0

and

t t
Q-(t) = p(t,0)zo +/ p(t, s)Xsds + e/ q(t, s)dM [0 <t <T.
0 0

An application of Theorem 4 in Kleptsyna et al. (2000b) to the process X leads
to the equation

¢ ¢
(0,7, X) = x0 —|—/ 7s(0,7, X)ds + e/ c1(t, s)dvs, 0 <t <T. (4.4)
0 0

where ¢ (¢, s) is a non-random function and {v(¢),0 < t < T} is the innovation
process. Another application of Theorem 4 of Kleptsyna et al. (2000b) proves
that

t ¢
(0, 7,Q) = p(t,0)x +/ p(t, s)ms (0,7, X)ds + e/ ca(t, s)dvs,0 <t < T (4.5)
0 0

where ca(t, s) is a non-random function and {v(¢),0 < t < T} is the innovation
process

In particular, by considering the special case e = 0 in the equations (4.4) and
(4.5), we obtain the integral equations

¢
wt(G,T,m)::vo—l—/ mws(0,7,2)ds,0 <t <T
0
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and
B t
m@ﬂmewmm+/p@wm@ﬂ@mmgtgr
0

Combining the above equations, it follows that there exist functions ¢;(¢,s),0 <
s <T,i=1,2 such that

t t
7Tt(9, 7, X)_Trt(aa 7, Z‘) = / <7TS(07T7X)_7TS(07T7 x))ds—l—e/ Cl(t7 S)dl/870 S t S T
0 0

(4.6)
and

t
n.7Q) -0 = [ w67 X) < m @ ra)ds (@)
0
t
—i—e/ ca(t, 8)dvs,0 <t < T.
0
Lemma 4.1. Let 0, = 0 +ev and 7, = 7+ €*u. Under the conditions stated above,

there exist positive constants ¢; and ciy and coy such that
(i) sup E|Xs — xs]* < cré?,

0<s<t
(“) SUP EG,T‘WS(H’Q)’ Tu, X) - 775(91)7 Tu, l’)‘2 S Clt62t7
0<s<t B
(ZZZ) sup E@,T[ﬂ's (H’Ua Tus Q) — Ts (eva Tus Q)}Q < C21&62752-
0<s<t

The bounds in (i) and (%) hold uniformly for (6,,7,) in a neighbourhood of (0,7).

Proof. An application of the Grownwall’s inequality implies (i) (cf. Prakasa Rao
(2010), p.131. Another application of Grownwall’s inequality using the equation
(4.6) shows that

|75 (0py Ty X) — w5 (0y, Tu, )| < c10€ sup |vs|,0 < s <t
0<s<t

and hence

sup EG,T|7T5(07J> Tuy X) - 71—5(0717 Tuy :C)|2 < Clt€2t~
0<s<t

Again, as a consequence of the equation (4.7), applying Cauchy-Schwartz inequal-
ity, it follows that

t t
‘71—1‘/(911’7_“7Q) - 7rt(9v77—u7@)‘2 S 2/ p2(t75)d5/ [71—5(011’7—717)() - 71—3(91177—7171’)}2(15
0 0

+ae2]( /O ot 5)dvs)2.
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Hence
. t t
EG,T [Wt(evfran) _Wt(evaTan)} S 2/ pQ(ta S)dS/ EO,T[WS(Q’U7T’U,7X) —71'5(91,7Tu7x)]2d8
0 0
¢
+262E, ,[( / ealt, 8)dvs)?
0
t
< 2/ p2(t, s)ds.cipe*t?
0
t
—|—2€2/ ca(t, s)dt
0
< 2tpP(t,0)c1 €t 4 263 ot

Hence

sup E9,T|7TS(9117 Tus Q) - 7Ts(ava Ty Q)|2 < c3t62t2'
0<s<t

5. Main Results
Fix 0,7 and define 0, = 6 + ev and 7, = 7 + €2u. Suppose u,v > 0. Let
At = fi(tu)me(On, Tu, X) — fi(T)me (0, 7, X)
Ap = fo(ru) (00, Tus ) — fo(T)m (0, 7, 2)

We now consider the problem of estimation of the change point 7 and the drift
parameter 6 based on the observation {Y;,0 <t < T'} by the method of maximum
likelihood. Let Py - be the probability measure generated by the process Y on the
space C[0,T] associated with the uniform topology when 7 is the change point
and 6 is the drift parameter. Let 6y be the true drift parameter and 7y be the true
change point. The maximum likelihood estimator (éé, 7), based on the observation
{¥;,0 <t < T}, is a random vector at which the likelihood function

dPG,T
dPsy 7o

is supremum over the interval [t1, t2] X ©. We assume that there exists a measurable
maximum likelihood estimator (., 7). Sufficient conditions for the existence of a
measurable maximum likelihood estimator are given in Prakasa Rao (1987). Note
that

‘r+62u
J? = lim —— / (g — h)?22dt = (g — h)*z?
exists. Define

1 1
Lo(u,v) = ué — §u202(0,7) + J, Wi (v) — §|’U|J3 forv>0,u€eR
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where {W1(v),v > 0} is a standard Wiener process and ¢ is an independent Gauss-
ian random variable with mean zero and some variance o2(6,7) to be specified
later. Similarly, for v < 0 and u € R, let

1 1
Lo(u,v) = u€ — §u202(0,7') + JWa(—v) — §|11|JT2

where {Wa(—v),v < 0} is another standard Wiener process. Here W; and Ws are
independent standard Wiener processes.

We now state the main result.

Theorem 5.1. Let 7 denote the true change point and 0 be the true drift param-
eter. Let (0, 7.) denote the mazimum likelihood estimator of (0,7) based on the

observation of the process Y satisfying the linear system defined by (3.1). Then
the normalized random variable

(6_1(é6 —0),e (e — 1))

converges in law, as € — 0, to a random vector whose distribution is the bivariate
distribution of location of the mazimum of the process {Lo(u,v), —00 < u,v < 00}
as defined above.

Before we give a proof of this main result, we prove some related results.

Consider the log-likelihood ratio process
dPy, -,

Le(u) = log i

T
. / () (B, 7 X) — Fulr)m (0,7, X)) dv
0

€

T
_2%2/0 [ft(Tu)ﬂ-t(GvyTuaX)_ft(T)ﬂ-t(H?T?X”th

e I
= - / Atdl/t - —5 / A%dt
€ Jo 262 0 ’

for fixed u > 0 and v > 0 such that 0 < 7,7 + €2u < T and 6,0, € ©. Let C[K]
denote the space of continuous functions defined on a compact set K C R2.

Theorem 5.2. (Local asymptotic normality) Let K C R? be compact. The prob-
ability measure generated by the log-likelihood ratio process {L¢(u,v), (u,v) € K}
on C[K] converges weakly to the probability measure generated by the process

{Lo(u,v), (u,v) € K} on C[K] associated with the uniform norm topology as
e — 0.

From the general theory of weak convergence of probability measures on C[K],
(cf. Billingsley (1968), Parthasarathy (1967), Prakasa Rao (1987)), in order to
prove Theorem 5.2, it is sufficient to prove that the finite dimensional distributions
of the process {L¢(u,v), (u,v) € K} converge weakly to the corresponding finite
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dimensional distributions of the process {Lg(u,v), (u,v) € K} and the family of
measures generated by the processes {L.(u,v), (u,v) € K} for different e is tight.

6. Proofs of Theorems 5.1 and 5.2

We now state two lemmas which will be used in the following computations.
For proofs of these lemmas, see Lemmas 5.2 and 5.3 in Mishra and Prakasa Rao
(2014).

Lemma 6.1. Let {D;,0 <t < T} be a random process such that

sup E(D}) <~ < oc.
0<t<T
Then, for 0 <6, <61 <T,

91 91
E( D.dt]*) < |6, — 65)? E[D}]dt < 4|61 — 6-]*.
92 02

The next lemma gives an inequality for the 4-th moment of a stochastic integral
with respect to a martingale.

Lemma 6.2. Let the process {f;,0 < t < T} be a random process adapted to a
square integrable martingale { My, Fy,t > 0} with the quadratic variation < M >,
such that

T
/ E(fHd < M >,< 0.
0
Then

T T
E((/0 f1dM)*) <36 < M >p /0 E(fHd < M >, .

and, in general, for 0 < 0y < 6y < T,

01 01
El(| fidM)* <36(< M >y, — <M >92)/ E[ffld < M >, .
92 92

Lemma 6.3. There exists a constant ¢ > 0 possibly depending on H and T such
that

sup sup By [Ar — A? < ce?. (6.1)
0<t) <T<t,<T,0€0 0<t<T

Proof. Note that
sup EG,T[At - At]2 S 2 sup EO,T[ft(Tu)Trt(ava Tuy X)) - ft(Tu)Trt(ev7 Ty (E)P

0<t<T 0<t<T

+2  sup Eg,[fi(r)m:(0,7, X)) — fo(T)m: (0,7, 2)]?
0<t<T

< OpelT? < Ce?
by Lemma 4.1. [ |

Following the arguments in Kutoyants (1994) pp.168-169, it can be shown that
€ 2B || fe(m)7 (00, Tu, X) — fi(m)m (0,7, X)||?] — w?02(0,7) + vJ?
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as € — 0 where
T T
a(0,7) 292/ xfdt+h2/ xldt. (6.2)
0 T

Lemma 6.4. The finite-dimensional distributions of the process { L.(u,v), (u,v) €
K} converge to the corresponding finite dimensional distributions of the process
{Lo(u,v), (u,v) € K} as e — 0.

Proof. We will first investigate the convergence of the marginal distributions of the
process L¢(u,v) as € — 0. The convergence of other classes of finite-dimensional
distributions follow from the Cramer-Wold device. Note that

1T T,
Le(u,v) = EA Atdl/t - 2762/0 At dt (63)
Consider
1 T 1 T 1 T+eZu 1 T
*/ Atht = */ Atdyt‘i‘*/ Atht+ */ Atht
€ Jo € Jo € Jr € Jrteu
= Il + IQ + 13 (say)
Note that

[1:1/ Atdl/tzl/ (At*Zt)thJrl/ Agdy.
€ Jo € Jo € Jo

The first integral converges to zero in probability (by Lemma 6.3) and the second
integral is

1 T _ T
f/ Audyy = vh/ xidvy + 0p(1).
€ Jo 0

Similarly

1 /7 T
I3 = 7/ Aidyy = vg/ xpdvy + 0p(1).

€ +e2u

Observe that

€

1 T+e2u
IQ = - Atdl/t

which is Gaussian with mean zero and variance

1 T+e2u
Ey(A})dt = J2 + o(1).

et |

Let us now consider

1 T ) 1 T ) T ) T+e2u )
— Asdt = —— Azdt Asdt Azdt y .
2¢2 /O ! 2¢2 /0 eat /T+e2u st /7— K
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Now
1 T 9 1 T ,
“52 . Aidt = 52 |, {A; — evhay + evha} dt
1 T
= _ﬁ(/ {A; — evh xt}Q + {evh 2:}? 4+ 2(Ay — evh x;)(evh z;)dt)
€ Jo
1 T
= *5/0 (vh z,)%dt + 0,(1).

From the above computations,we observe that,as ¢ — 0,
1 T T
6—2/ A2dt = thz/ zidt + o0p(1)
0 0

and similarly

1 (T T
- AZdt = v2g2/ xidt + o,(1).
€ T+e2u T
Furthermore
1 ‘r+62u ) ) )
= A7dt = (gzy — hay) u + 0p(1) = wJZ + 0,(1).

As a consequence of the above s, we get that the random variable Lg(u,v) is
asymptotically Gaussian with the mean

1 1
—51)202(9, T) — §J72.u
and the variance

v2o?(0,7) + J2u

for u > 0 and v € R. Similar results hold for © < 0 and v € R. |

We have proved the convergence of the univariate distributions of the process
{Lc(u,v), (u,v) € K}, as e — 0, after proper scaling of the process. Convergence of
all the other finite-dimensional distributions of the process {L¢(u,v), (u,v) € K}
as € — 0, after proper scaling, follows by an application of the Cramer-Wold device.

Lemma 6.5. Let I'.(u,v) = exp{Lc(u,v)}. Then, for any compact set K C R*
there exist a constant C' > 0 such that
1 4

1 1
sup Eg o |T& (ug,v2) — T& (ur,v1)| < C(uy — ua)* + (v1 — v2)4).
(u;,0;)EK,i=1,2
Proof. Without loss of generality, let u; > uy and v; > vy, define
8¢ = g[me(0 4 evy, 7 + uy, X) — (0 + eva, T + 2ug, X)],0 € ©

and

di=g [m(@ +evy, T+ €up, ) — 7 (0 + evo, T + €2U2,1')} ,
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for 0,0,, € ©,i=1,2and 0 < 7,, <t <7, <T. Let 7+ €2uy = B1, 7+ 2us = B2
and 0+ evy = s1 and 6 + evy = so. Since the random variable §; is Gaussian, there
exists a €y > 0 of 7 such that

sup Eg+[16:]%] < 0.
0<t<T,0<e<eg
Let
I [,
R, = exp[g/o Osdvs — @/0 05ds], Ro = 1.

Note that the process R; is the process

dPg, s, E
— Al (X
(dPBQ,Sz ( )>

and, by the It6 formula, we have

3 5 1
dR; = 7W§t R;dt + ZE&thVt-
Hence
3 (T, I
=1- — 65 Rydt + — Ot Redvy.
RT (32) 62 A th + 4 6‘/0 th Vg
Note that
1 4
EG,T Ié (UQ,UQ) - Ié (ulavl)’
dPg, s
= EG,T(#ll - RT‘4) = Eﬂ2752(|1 - RT|4)
1 I ) 1 ’ '
S CEEﬂQ’SZ ‘/0 6?tht + OEE,B%LW /0 6thth

where C' is an absolute constant. In order to get the bounds for the expectations
of the integrals in the above inequality, we now use the Lemmas 6.3 and 6.4. Let
us now estimate the term

T 4
Es, s, / 62 Rydt
0
Suppose u = u; — ug > 0, and v; — v > 0. Then
T 4
Es, s, / 62Rydt
0
T T 4 T4ue? 4
< CEs,s, / 02 Rydt + / SZRidt| + CEg, s, / 62 Rydt
0 T+ue? T

for some absolute constant C' > 0.
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Note that
T+’LL62 4
I = Es., / 62 Rydt
T+52u 4
< cugeﬁ/ Eg, s, ’5§Rt‘ dt.
Now
4
sup E52,32 ’6§Rt‘ = sup Eﬁl’sz((s:) <00
0<t<T 0<t<T
since
dPﬁ s 1
R, = [0 (X)),
dpﬁ2,52
It follows that
‘r+u62 4
I, = Es., / 02 R, dt

<l (ue?) = clup — ug)ted.

Let us now estimate the term
.
b= Byl [ |6 Rl
0

Observe that

4
I, = E;g,s,

/ 62 Rydt
0

ord /O " B [03RY] dt

IN

T
ort [ Bl
0

— e sup By |0
0,71,t

et (v — vp)®

ce®(vy — v)B.

IN A

Let us now consider the estimation of the form

T
/ (St thVt
0

4

Eﬁ2’82
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Note that
T 4 r T 4
E/@2752 / (Sthth S CE,@%SZ / 5thth+/ (Sthdl/t
0 0 T
T+eZv 4
+CE52)32 / (Sthth
Let
T+ ue? 4
Ii = Eg,s / 6t2thVt
‘r+u62
< O(T‘FEZU*T)/ Es, s, |5th|4dt
T+ue?
< ceQu/ Ep, s, |0:|*adt
§ C(u1 - U2)2€4.
Similarly
T 4
Ié = Eg,s / 6§thl/t
0
< CT/ E52752|(54Rt|4dt
0
<

CT/ Ep, s, |6 dt
0
S C(Ul - 'U2)464.

Let us now consider the estimation of the term

T 4 T
EB2,52 / 5152tht S CEﬁQ’SQ/ |5§Rt|dt
T+e2u T4e2u
< Csup Ep |63
0,7,
< CES(Ul — ’U2)8.

Combining the above estimates, we obtain that

1 1 4
Lé(ur,v1) —Td(ug,v3)| <c< oo

-1
sup [|vl — gt + |uy — uQ|2] Ey -
(u,v)EK

which proves the tightness from the results in Prakasa Rao (1975) or Neuhaus
(1971).
Proof of Theorem 5.2: As a consequence of Lemma 6.5, it follows that the

1
family of probability measures generated by the processes {I'Z (u,v), (u,v) € K}
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on C[K] with uniform topology is tight from the results in Billingsley (1968) (cf.
Prakasa Rao (1987)) and hence the family of probability measures generated by
the processes {L.(u,v), (u,v) € K} on C[K] is tight. [ |

Lemmas 6.1 and 6.5 together imply that that the family of probability measures
generated by the processes {L.(u,v), (u,v) € K} on C[K] converge weakly to the
probability measure generated by the processes {Lg(u,v), (u,v) € K} on C[K]
from the general theory of weak convergence of probability measures on complete
separable metric spaces (cf. Billingsley (1968), Parthasarathy (1967), Prakasa
Rao (1987) and Ibragimov and Has'minskii (1981)). This completes the proof of
Theorem 5.2.

It remains to show that the maximum likelihood estimator (ée, 7.) will lie in a
compact set K with probability tending to one as € — 0 after suitable normaliza-
tions of the components.

Sinai (1997) studied the asymptotic behaviour of the distribution of the maxi-
mum of a fractional Brownian motion. For an overview of the maximal inequalities
for fractional Brownian motion, see Prakasa Rao (2014). The following maximal
inequality is proved in Lemma 5.6 in Mishra and Prakasa Rao (2014) using the
Slepian’s lemma (cf. Leadbetter et al. (1983) and Matsui and Shieh (2009)). We
will use it in the sequel.

Lemma 6.6. Let W be a fractional Brownian motion with Hurst index H. For
any A > 0,

>\2T2H

2

Elexp{A Jmax WH |} <14 A\W2rT2H exp{ 1.

We now apply Lemma 6.6 to get the following result.

Lemma 6.7. Let T (u,v) = exp{L.(u,v)},u,v € R. Then, for any compact set
K C R? and for any 0 < p < 1, there exists a positive constant C' such that

sup Fyg  [(Te(u,v))?] < e~ C 9(uw) (6.4)
(u,v)EK

where g(u,v) = ky|u|? + ko|v|? for some ky > 0 and ko > 0.

Proof. Now, for any 0 < p < 1, we will now estimate Ey ,(I'¢(u,v))?. For conve-

nience, let u,v > 0 and let
T
F1 E/ Atht
0

and

T —
FQE/ AZdt.
0
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Let ¢ be such that p? < ¢ < p. Then

EQ?T[(FE(U,’U));D] = EG,T[QXP{§F1 - %FQH

p q pP—q
= EG,T[GXP{EFl — 2762F2 — ( 262 )FQ}]

Let
(r—19q)
G1 = exp{f 262 FQ}
and
GQ = exp{%Fl — %FQ}
Then
EG,T[(Fe(uav))p] = EO,T[GIG2]

(Eo[GY])/7 (Eo - [G5]) /P

IN

by the Holder inequality for any p; and ps such that po > 1 and p% + p% = 1.
Choose py = p% > 1. Then p; = —%;. Observe that

q—p*’
Ey,[GE?] = Eo,r[eXP{Pz(gFl - %FQH
= EQ,T[eXp{Z%(gF - %FQ)H
= EO,T[eXp{%%FI - 212225 J-

The random variable, under the expectation sign in the last line, is the Radon-
Nikodym derivative of two probability measures which are absolutely continuous
with respect to each other by the Girsanov’s theorem for martingales. Hence the
expectation is equal to one. Hence

By (O] < (Borlexp{- 28Dy

= (Borlexp{—ye 2 Fp}]) /7.

where v = 2(1((5:1;12)) > 0. Let us now estimate EQ’T[e_“fZF 2]. Applying the inequal-
ity
a® > b* —2|b(a — b)|,
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it follows that

Eple™ 7]
T_
< exp{—’ye_Q/ AZdt} x
0

T
XE977—[6XP{2’Y€72(\/0 (fe(ru) (O, Tus X) — fe(Tu) T (00, Tus » )| +
+|ft(T)7rt(97T7X) - ft(T)ﬂ—t(eaTv x)|)‘ft(7_u)ﬂ—t(9vﬂ Tu,l‘) - ft(T)ﬂ—t(evTv m)‘dt}]

We now get an upper bound on the term under the expectation sign on the right
side of the above inequality. Observe that there exists a a constant ¢ > 0, such
that,

T
/0 [fi(T)me (0,7, X) — fo(m)me (0, 7, @))% dt < ceT

for some constant C' > 0 possibly depending on T'. Fix ¢y > 0. Let 0 < € < ¢y and
D(t1,ta,€) = {(0,v;7,u) 1 t1 < 7,7 < t3 and 0,0, € O}. Let

Jl(t) = ft(Tu)’]Tt(evaTU7x) - ft(T)Wt(977—7 -73)7

Jo(t) = fe(Tu)me (0, Tu, X) — fi(T)7 (00, Tus ),
and
J3(t) = fe(m)me (0,7, X) — fe(T)me (0, 7, ).
An application of the Cauchy-Schwartz inequality implies that

T
sup | |J1(t)\|J2(t)\dt]2§ce4T2 sup ||
D(tl,tQ,e) 0 0<t<T
Hence
T
sup [/ |JL(8) Jo(t)|dt] < ce® sup |vy.

D(tl,tz,e) 0 0<t<T

Therefore

T
sup  Eolexp(2ye?( / Ta(6)] + 1 T3]3 (6) o)

D(t1,t2,€),0<e<eq

< By [exp(erlg(u, v)]'/? sup i)

0<t<T
2
< 14 yelg(u,v)]*V2rT exp (W)

by Lemma 6.6 . Applying arguments similar to those in Lemma 2.4 in Kutoyants
(1994), we get that

sup Ey - [(Te(u,v))?] < e C 9(u)
(u,w)EK,0<e<e€g
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for some positive constant C' > 0 depending on 7,0 and 7. An application of
Lemma 6.7 proved earlier shows that the maximum likelihood estimator (6, 7.)
will lie in a compact set K with probability tending to one as € — 0 from Theorem
5.1 in Chapter 1, p.42 of Ibragimov and Has’'minskii (1981).

|

Proof of Theorem 5.1: Let C[K] denote the family of continuous functions
defined on a compact set K in R. In view of Theorem 5.2, it follows that the fam-
ily of probability measures generated by the random processes {Lc(u,v), (u,v) €
K}, e > 0 on C[K] converge weakly to the probability measure generated by the
random process {Lo(u,v), (u,v) € K} on C[K] as ¢ — 0. Let (&, ?.) denote a
point at which the random field {L¢(u,v), (u,v) € K} is maximum. Let (ug,vo)
denote the location of the maxima of the process {Lo(u,v), (u,v) € K} on C[K].
The location (ug,v9) of the maxima is unique almost surely by the property of
Gaussian random fields. Since the random fields {L.(u,v), (u,v) € K},e > 0
on C[K] converge weakly to the random field {Lg(u,v), (u,v) € K} on C[K] as
€ — 0, by the continuous mapping theorem, it follows that the distribution of
(7e, 9;)) appropriately normalized converges in law to the distribution of (ug,vo)
by the continuous mapping theorem (cf. Billingsley (1968)). Lemma 6.7 implies
that the random variable (i,9.) = (e 2(7. — 7),e *(6. — 0)) € K with proba-
bility tending to one as ¢ — 0. Applying arguments similar to those in Theorem
10.1 in Chapter II, p.103 of Ibragimov and Has’minskii (1981) (cf. Prakasa Rao
(1968)), we obtain the following result. Let 6,7 be the true parameter. As a
consequence of the arguments and the discussion given above, it follows that the
random variable (e 2(7. — 7),e (A — )) converges in law to the distribution of
the random variable (ug, vg) which is the location of the maximum of the random
field {Lo(u,v), (u,v) € R}, as € = 0.
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