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1 Introduction

Random integral equations and random differential inequalities have applications in modelling
physical, engineering , biological, social and system sciences. Random integral equations arise
in the study of linear and non-linear differential systems with random parameters. Bharucha-
Reid (1972) investigated results such as the existence and the uniqueness of solutions for
random linear integral equations such as Fredholm and Volterra integral equations with ran-
dom forcing functions or with random kernels and random non-linear integral equations of
Volterra type wirh random kernels. Ladde and Laksmikantam (1980) studied random differ-

ential inequalities and random comparison principles with applications to differential systems
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involving random behavior such as random forcing function or random initial condition or
random coefficients. Prakasa Rao and Rama Mohana Rao (1972, 1973) discussed existence
and uniqueness of solutions for stochastic integral equations of mixed type among others.
Fixed point theorems play a major role in establishing the existence and uniqueness of solu-
tions for integral equations and differentail systems. A survey of fixed point theorems useful
for proving the existence and uniqueness of solutions for random integral equation or random
differential equations, known as random fixed point theorems in probabilistic frame work, is
given in Bharucha-Reid (1976). Prakasa Rao and Rama Mohana Rao (1973) obtained a
probabilistic analogue of the Krasnosel’skii’s fixed point theorem. Random algebraic equa-
tions are investigated in Bharucha-Reid (1970) and random difference equations are studied
in Bharucha-Reid (1977). More recent work on random fixed points of completely random
operators is presented in Dang Hung Thang and Pham The Anh (2013).

We establish some fixed point theorems for random mappings. We will use orbits to
study the existence of a fixed point for a class of random mappings and also establish the
measurability of solutions obtained through such random mappings. Some applications of

these theorems for random integral equations are given.

2 Preliminaries

We first state few definitions.
Definition 2.1: Let (X, 7) be a topological space which is Hausdorff. Let T': X — X be a
map. Let 2 € X. The set {Tz, T?x,,...} is called the orbit of x under the map 7. The map

T is called orbitally regular if it satisfies the following conditions:
(Ry): If limT"xzp =1, then limT(T"xz¢) = Tz, forall zg,z1 € X
n n

and

(Rg) : if xg # Txo, then xy does not belong to the set {T2xg, T3z, ...}
where A denotes the closure of the set A.

Definition 2.2: Let A be a bounded subset of a metric space (Y, d) with a metric d(., .). Then

the measure of non-compactness of the set A (with respect to the space (Y, d)) is defined to be

vy (A) =inf{e > 0: The set A can be covered by finitely many subsets of the metric space (Y, d)
with diameter < €}.



It can be shown that the function vy (A) does not depend on the metric space (Y, d) in
the sense that Y and Z are metric spaces and A C Z C Y (the metric on Z being induced by
Y), then vy (A) = vz(A). Here after we write gamma(A) for vy (A). The measure v(A) of
non-compactness of a set A has the following properties. Suppose A and B are subsets of a

metric space Y :

(i) If A C B, then v(A) < ~(B);

(i) 7(AU B) = min(y(A),v(B));

(iii)y(A4) = v(A);

In addition, suppose Y is a Banach space. Then

(iv) v(co(A)) = v(A) where co(A) denotes the convex hull of the set A;

(v) v(A+ B) =~(A) +~v(B) where A+ B={a+b:a€ Abec B}

(vi) v(AA) = |\[v(A) for any A € R where AA = {\a : a € A}. (vii) If the set A is precom-
pact, then v(A) = 0.

For proof of these properties, see Nussbaum (1968).

Definition 2.3: Let (X, d) be a metric space. A map T : X — X is said to be a condensing
map if 7" is continuous and if C' is any bounded closed subset of X, then v(7'(C)) < v(C). It is
said to be strictly condensing if there exists a constant 0 < k < 1, such that v(T'(C)) < k ~(C)

for any bounded closed subset C' in the domain of T

Definition 2.4: Let (2, B, P) be a complete probability space and (X, () be any measurable
space. Let T : Q — X be a function from 2 into X. The function 7T is called an X-valued
random element if T~'E € B for every E € (.

Definition 2.5: Let (X, () and (), X) be complete normed linear spaces with ¢ and ¥ the
associated Borel o-algebras under the norm topology. Let 7" be a map from Q2 x D(T') into
where D(T') C X.The function T is called a random operator if ¥(w) = T'(w, z) is a YV-valued

random element for every « € D(T).

Definition 2.6: A random operator 7' is said to be bounded if there exists a positive random

variable M such that, for every z € D(T),

T (w, )| < M(w)||z|| a.s. [P].



Definition 2.7: Suppose T is a random operator. The element 1)(w) € X is called a random
fized point of the random operator T if T'(w,(w)) = ¥(w) a.s. [P] and 9(w) is an y-valued

random element.

We will use the following results on measurable selections and measurability of multi-

valued relations or correspondences in the sequel.

Lemma 2.1: Let (2, B) be a measurable space and S be a complete separable metric space.
Suppose that ® : Q — S. Suppose ® is a closed-valued correspondence such that the set
{w € Q:P(w)NF # ¢} € B for every closed subset F' in S. Then there exists a measurable
mapping f of Q into S such that f(w) € ®(w) for every w € Q.

For a proof of this lemma, see Hildenbrand (1974). pp. 55-56.
As a consequence of the Lemma 2.1, the following results can be obtained.

Theorem 2.2: Let (2, B, 1) be a complete measure space and (S, p) be a complete separable
metric space. Let ® : Q0 — S be a closed-valued correspondence such that for every non-empty
closed subset ' of S, the set 1 (F) = {w € Q: ®(w)NF # ¢} € B. Then the correspondence

® has a measurable selector.

Proof: Since the set S is a complete separable metric space, every closed subset of S is a
G's set and hence every open set is a F,, set. Hence the property that ®~!(F) € B for every
closed subset F implies that ®~1(G) € B for every open set G in S which is non-empty. The
existence of a measurable selector follows from the Kuratowski- Ryll Nardzewski theorem for

measurable selectors.

Theorem 2.3: Let (S, p) be a complete separable metric space and (2, B, 1) be a complete
measure space. Let ® : 0 — § be a correspondence. Then the following statements are
equivalent:

(i) for every G open in S, the set ®~HG) = {w € Q: ®(w) NG # ¢} belongs to B ; and

(ii) the function p(x, ®(w)) is a measurable function in w for every x € S.

Proof: Given a > 0, let Bo(zo) = {z : p(xo,z) < a} for any oy € S. The map w — p(z, ®(w))
is measurable if and only if {w : p(z, ®(w)) < a} € B for any z € S and a > 0. But

{weQ:plz,w)) <a} ={weQ: ®(w)N By(z) # ¢} = (B, (x)) € B.



Therefore the statements (i) and (ii) are equivalent.
The following result is a consequence of Theorems 2.2 and 2.3 and Lemma 2.1.

Theorem 2.4: Let (S, p) be a complete separable metric space and (2, B, 1) be a complete
measure space. Suppose the map ¢ : Q — S is a correspondence and the space S is o-
compact. Then the set ®~H(C) = {w € Q: CN®(w) # ¢} € B for every closed set C in S if

and only if the function w — p(xz, ®(w)) is measurable in w for every x € S.

3 Some Fixed Point Theorems

Theorem 3.1: Let (X, 7) be a metric space. Suppose T : X — X is a map of X into itself

such that T is orbitally regular and there exists at least one point xo € X such that the set

Orb(T,x0) ={Txo,...,T"x0,...}
is compact. Then the map T has a fized point.

Proof: Note that Orb(T, ) = {Tx, T2x,...} and Orb(T, Tx) = {T2x, T3z, ...} for any 2 € X.
Hence, by the condition (R;) of orbital regularity, the set T(Orb(T, z)) C Orb(T, z) for x € X.
Therefore the set Orb(T, ) is invariant under 7. For any fixed zg € X, let Ky be the collection
of all closed subsets of Orb(T,xy) invariant under the map 7. The set Ky is non-empty
since the set Orb(T,xg) € K. By the compactness of the set Orb(T, xg), the intersection of
the members of any sub-collection of Ky is non-empty and it is a non-empty closed subset
invariant under 7T and minimal in the sub-collection partially ordered by inclusion. Therefore,
by the Zorn’s lemma, there exists a non-empty minimal closed subset of Orb(T), x() invariant
under T'. Let this minimal closed set be K. Then K| is the closed subset of a compact set and
hence K is compact. Suppose z € Ky and Tz # z. By the orbital regularity condition (R3),
the element z does not belong to Orb(T,T%). By invariance, Orb(T,Tz) C Ky and z does
not belong to Orb(T,Tz). Therefore Orb(T,Tz), is a proper subset of K and is invariant
under T'. This violates the minimality of K. Therefore Tz = z for z € Ky and Ky # ¢. This

proves the existence of the fixed point for T.

Theorem 3.2: Let (X,7) be a metric space and let T : X — X be a strict condensing map
such that (i) x # Tx implies that x is not in Orb(T,Tx) and (ii) there exists xo such that
Orb(T,xo) is bounded. Then the map T has a fized point in Orb(T, Txo).



Proof : Since the map T is condensing, T is continuous. Hence the map T satisfies the
condition (R;) for orbital regularity. The condition (i) stated in the the theorem together
with this observation shows that T is orbitally regular. We can establish the existence of
the fixed point if we can show that the set Orb(T,z¢) is compact. The set Orb(T,zg) is
closed by its definition and is bounded by the hypothesis. Let Ey = Orb(T,zy) and k be
the factor of the strict condensing map T where 0 < k < 1, that is, k v(Ey) > ~v(TEy)
where v(.) is the measure of non-compactness. Suppose v(FEy) > 0. Since T'Ey = Ey, we have
k v(Eo) > v(Ep) which is a contradiction since 0 < k < 1. Therefore v(Ey) = 0 and the set
Ey is closed. Therefore v(Ep) = 0 implies that Ey is compact. Hence, by Theorem 3.1, the
map 1" has a fixed point.

Theorem 3.3: In addition to the conditions of Theorem 3.2, suppose the space (X, T) is a
complete separable metric space. Then there exists a sequence in Orb(T, xy) which converges

to a fized point of the map T.

Proof: We have shown earlier that the set Ey = Orb(T, zp) is compact under the conditions
stated in Theorem 3.2. Hence there exists a convergent subsequence {T™xo} € Ey. Since
the set Ey is complete, lim; T™xq = 2o for some zg € Ey. By the orbital regularity, it follows
that

T(li%rn T" xy) = Tz,

but

T(lim T"xg) = lim T™ 1z = 2.
(2 (2

Hence T'zy = zy which proves that zg is a fixed point of the map T.

Theorem 3.4: (Darbo (1955)) Let E be a closed bounded set in a Banach space and the
map T : E — E be continuous. Let Ey be the convex closure of the set T(E), and Ey,+1 be
the convex closure of the set T(E,). Suppose the sequence y(E,,) tends to zero as n — oo.

Then the map T has a fized point.

Proof: Since the set E, is closed, convex and non-empty, it follows that E,1 C F,. Let
K =92, E,. Then the set K is non-empty (by a theorem of Kurtowski). Furthermore the
set K is closed since each set E, is closed. Note that 0 < v(K) < y(E,,) for all n > 1. Since
v(E,) — 0 as n — oo by hypothesis, it follows that v(K) = 0. Since K is closed, it follows
that K is compact. Since the map T is a continuous map from the compact set K into itself,

it follows that the map 7" has a fixed point by the Schauder’s theorem.



Theorem 3.5: Let (X, p) be a metric space and T : X — X be a map such that
(i) p(Tz,Ty) < p(z,y),z #y, 2,y € X;

and

(ii) there exists some z € X such that Orb(T, z) is compact.

Then the map T has a fized point.

Proof: Since the map T is a contraction, it is uniformly continuous and the orbital regularity
condition (Rj) is satisfied. Suppose xy # Tz. Then we have to show that zy is not in
Orb(T, Txp). Since the map T is a contraction, it is obvious that 7™ is also a contraction for

every m > 1. Suppose xg = T™zq for some m > 2. Then
p(xo, Txo) = p(T" 2o, TT" x0) < p(x0, Tx0)

which is a contradiction. Therefore the assumption that zog = T™x( for some m > 2 is not
possible. Now suppose that xg is a limit point of the set Ey = Orb(T, Tzg). Then there exists

a sequence T"ixg,7 > 1 converging to xg and
0 S p(T[E(),I'O) = hm p<T(Tnix0)7x0> =0.
7

Therefore p(Txg, o) = 0 which is not possible because xy # Txo. Hence z is not in the set
Orb(T,Txp). Therefore the map T is orbitally regular. By hypothesis, there exists z € X
such that Orb(T), z) is compact. Hence the map T has a fixed point by Theorem 3.1.

4 Random Fixed Point Theorems

We shall now prove some fixed point theorems for random mappings using the fixed point

theorems established earlier in Section 3 for non-random mappings.
We shall first prove a theorem for condensing random maps.

Theorem 4.1: Let (2, B, 1) be a complete probability space and X be a separable Banach
space. Suppose E is a closed convex subset of X and T : QQ x E — E is a strictly condensing
random mapping. Further suppose that the set {T(w,z) : x € E} is bounded for every w € .

Then the random operator T' has a random fized point.
We will now prove few lemmas which will be used in the proof of Theorem 4.1.

Lemma 4.2: Suppose the hypothesis stated in Theorem 4.1 holds. Let I(w) = {x € X :
T(w,x) =z} for any w € Q. Then the set I(w) is closed and compact.



Proof: We shall first show that the set I(w) is non-empty. Let w be fixed and let Tw = Tj.
The operator Tj is a bounded and strictly condensing map by hypothesis. Let Ey = Ty(E).
Then, by the continuity of the operator Ty, it follows that the set E; is closed and it is
bounded by hypothesis. Hence the measure of non-compactness of the set E1, viz.,y(E1), is
defined. Let Ey = Ty(E7) and, in general, let E, = Tp(E,—1). Since the operator Tj is a
strictly condensing map, it follows that there exists 0 < k < 1, depending on w, such that

Y(En) < k~vy(Ep-1),n > 2.

Hence
0 <A(E,) < k" y(En)

which implies that y(E,) — 0 as n — oo. Since the family {E,,n > 1} is a decreasing
sequence of closed bounded non-empty sets such that v(E,) — 0, it follows that the set NE,

is non-empty and compact by Kuratowski’s theorem for complete metric spaces. Let

Koy =N E,.

n=1

Then the set Kq is the minimal closed subset invariant under the operator 7Tp. Furthermore
the set Ky is compact since y(Ky) = 0. But the map Ty : Ky — K is a continuous map.
Hence the operator Ty has a fixed point which shows that the set I(w) is non-empty. We will
now prove that the set I(w) is closed and compact. Let {x,} be a sequence in I(w) such that

T, — 2o In norm as n — oo. Then

I Towo — ol| = [[Twzo — ol
= ||[Twzg — Twzy + Twr, — x|

< N[Tozo — Toznl| + ||2n — zo0l|

since T'(w, ) = xy,. From the continuity of the operator Tw, and from the observation that
||zn, — x0|| — 0 as n — oo, it follows that the last term in the chain of inequalities given
above tends to zero as n — oo and therefore ||Thzo — zo|| = 0 which proves that zg € I(w).
Hence the set I(w) is closed. We will now show that the set I(w) is compact. The set I(w)
is bounded since I(w) is a subset of the the range of the operator Tw. Since the set I(w) is
bounded and closed, it follows that v(I(w)) is well-defined. Suppose y(I(w)) = d > 0. Let
{zn} be an arbitrary sequence in I(w). The y({z,}) is well defined. Let y({z,}) = p > 0.
Note that, there exists 0 < k < 1 such that

T{Twzn}) = p <ky({zn}) =k p



since the operator Tw is strictly condensing. Therefore there exists a finite cover {51, ..., S}

of {T,,z,} by closed sets such that, if T,,z,, € S; and T,,z,, € S;, for any i = 1,...,r, then
[Ty — Tozml| < kp+e€,e > 0.

Let K; = T;1(S;),1 < i < n. Then the sets {K7,..., K,} cover the set {z,} since T(w, x,) =
Zn,n > 11If x, and z,, belong to K;, then ||z, — zp|| = ||Twem — Twxn|| < kp+ €. Therefore
p < kp. Since 0 < k < 1, this is not possible. Hence p = 0. Therefore the closure of the
set {x,} is compact. This shows that every arbitrary sequence in I(w) has compact closure.
Therefore every sequence in I(w) has a convergent subsequence and I(w) is the closed subset

of a complete separable metric space. Hence the set I(w) is compact.

Lemma 4.3: Suppose the hypothesis stated in Theorem 4.1 holds. Let the set E be as stated
in Theorem 4.1 and let E be separable. Let {y;} be a countable dense subset of E and F be a
non-empty closed subset of E. Let ["Y(F) = {w: I(w) N F # ¢} and d(x, F) = inf{||z — y|| :
y € F}. Define
F,={z:d(z,F) < %}
Then
I (F) = (52 Uyer, {w € Q2 [Ty — will < ).

and I~Y(F) € B.
Proof: Note that I71(F) = {w : I(w) N F # ¢} from the definition of the inverse. Let us

define
2
M(F) =032 Uyer, {w € Q: |[Tuy — uill < g}-

Clearly the set M (F) is measurable. It is also easy to see that w € I~!(F) implies that
w € M(F) since w € I71(F) implies that there exists some z¢ € F such that T,,z9 = x¢ and
hence, given n > 1, there exists y; € F; such that

1 1
Ty — xo +xo — yil| < — + —.
n n

Now we will show that M(F) C I7'(F). Let w € M(F). Then there exists a countable

subsequence {y;, } of the countable dense sequence {y;} such that

1
d(yi,, F) < T



and

1
HTwyik - ylk” < %

Let A = {y;, }. Note that

i, = Vil = i, — Ty, + Twli, — ToYin, + Tolip, — Yin ||
2 2
% + o + | Twyi, — Toyin, ||

IN

which implies that the measure of non-compactness of the set {y;,} is less than or equal
to measure of non-compactness of the set {7,y;, } which is a contradiction if vy({y;, }) > 0.
Therefore v({yi, }) = 0. Hence the closure of the set A is compact. Therefore there exists a
subsequence {y;} of {y;, } which converges. Let lim,, y; = yo. Then ||T,,y0 — yo|| = 0 which
implies that T,yo = yo. Therefore w € I~Y(F). Hence M(F) C I-'(F). We have shown
earlier that the set M (F) contains the set I~!(F). Therefore M (F) = I~'(F). Hence the set

_ o P
U F) = {w: Iw) N F # ¢} = M(f) = M2y Uyer, {w € 1 [Ty —will < -} € B
Therefore the set I~!(F) is measurable with respect to the measurable space (12, B).

Proof of Theorem 4.1 : Since I~'(F) is measurable for every non-empty closed subset F
of E, it follows, by the selection theorem (Lemma 2.1) of Kuratowski- Ryll Nardzewski (cf
Hildenbrand (1974)), that there exists a measurable map f : Q@ — E such that f(w) € I(w)

and f(w) is the required measurable fixed point in I(w).

Theorem 4.4: Let (X, p) be a complete separable metric space and E be a closed bounded
subset of X. Let (Q, B, p) be a complete probability space. Suppose the operatorT : Qx E — E
is such that the following conditions are satisfied: (i) T is a random mapping;

(i) for every w € Q, there exists at least one xg € E such that Orb(T,,, xo) is compact; and
(iii) if K., is the minimal closed subset of Orb(T,,,xo) which is left invariant by T, then the
function d(z, K,,) is measurable with respect to (2, B) for all z € E..

Then the operator T' has a random fized point.

Proof : We have already established that, if a map 7T is an orbitally regular map and if
Ey = Orb(T, xp) is compact, then Fy has a minimal closed set which is also compact and

invariant under 7. Given w € ), there exists a set K, as defined above which is compact and

10



invariant under T,,. It is further proved that, for every z € K, T,,z = z. Now, consider the

mapping
I:Q—2%

such that I(w) = K. It is clear that I is a compact-valued correspondence. We shall
now establish that I-1(F) € B for every non-empty closed subset F' of X. This follows
by arguments similar to those given for proving I=1(C) € B for every non-empty closed
subset C in the proof Theorem 4.1. Thus [ is a measurable correspondence. Hence, by the
Kuratowski-Ryll Nardzewski theorem on selectors, it follows that there exists a measurable
map f: Q — X such that f(w) € I(w) = K, and hence T, f(w) = f(w). Hence f(w) is the
required fixed point of the mapping T,,.. Note that the measurability of I=!(F) follows from

the fact that the function d(x, I(w)) is measurable and I(w) is compact-valued.
We shall now prove some results for families of random mappings.

Definition 4.1: A subset K of a Banach space X has normal structure if, for each bounded
convex subset H of K which contains more than one element, there exists an element x € H,
with the property

sup{||z —y[| 1y € H} <4(H)

where dd(H) denotes the diameter of the set H. For any set A contained in the Banach space
X, the diameter §(A) = sup{||z — y|| : =,y € A}.

Hereafter, we shall denote the diameter of a set A by 6(A).

Definition 4.2: A mapping T : X — X is said to be a non-expansive map if

[Tz = Ty|| < lx —y[|, 2,y € X.

For any bounded subset H of X let
ro(H) = supilz —yll,y € H}.
For any bounded subset H and any subset K, of X, define
r(H,K)=inf{r,(H):xz € K}

and
CH,K)={ze€K:r,(H)=r(H,K)}.

11



The set C(H, K) is called the Chebyshev centre of H in K.

Lemma 4.5: If K is weakly compact and convex, and if H is bounded, then the set C(H, K)

is a non-empty closed convex subset of K.
For a proof of Lemma 4.5, see Belluce and Kirk (1967).

Definition 4.3: Let K be a bounded closed convex subset of a Banach space B. The set K
is said to have complete normal structure if every closed convex subset W contained in K,
which contains more than one point, satisfies the following condition (A): for every decreasing
net {W,,a € A} of subsets of W which have the property that »(Wy, W) = r(W,W),«a € A,
it is the case that the closure of

UaeaC (Wy, W)

is a non-empty proper subset of W.
The following theorem is due to Belluce and Kirk (1967).

Theorem 4.6: (Belluce and Kirk (1967) ) Suppose K is a weakly compact convex subset of
a Banach space B and the set K has a complete normal structure. Let F be a commutative
family of non-expansive mappings f of K into itself. Then there is an element x € K such

that f(x) = x for every f € F.

Remarks: Balluce and Kirk (1967) have proved that if a set K is a bounded convex subset

of a uniformly convex Banach space, then the set K has complete normal structure.

The next theorem gives sufficient conditions for the existence of a random fixed point for

a random operator T" which is condensing for every w € Omega.

Theorem 4.7: Let X be a weakly compact convex subset of a separable Banach space E and
T be a mapping from Q x X — E such that T(w,.) is a condensing map for every w € Q..
Suppose that the set E is uniformly conver and for any w € Q, T(w,z) € X for z € X.
Further suppose that the set {(T'(w,x) : x € E} is bounded for every w € Q. if x € X, then
the mapping T has a random fized point.

Proof: Let 9 € X and {¢,} be a sequence of positive numbers such that 0 <€, <1,n > 1

and €, | 0 as n — 0o. Define

(4. 1) Th(w,x) = epzo + (1 — )T (w, x).

12



It can be checked that Tn(w, .) is a condensing map with condensation factor (1—e¢, )k, where
0 < k, < 1, and k, is a condensation factor of T'(w,.). It follows that the map T, (w,.) has a
random fixed point by Theorem 4.1. Let o, (w) be the random fixed point of T},(w, .). Define

the map I, from €2 into the family of weak compact subsets of X by the relation
I,(w) = weak closure of the set{o,(w),op+1(w)......}.

Let I(w) = NpIn(w). Note that the weak topology on the space X is the metric topology (cf.
Dunford and Schwartz (1958), p 443). Using this observation, we will show that the set I is
weakly measurable.This follows from the following result of Himmelberg (1975):

"Let X be a separable and metrizable space and let F;, :  — X be a weakly measurable
relation with closed values for each n > 1. Further suppose that, for each w € €, the set

F,(w) is compact for some n > 1. Then F' = N, F,, is measurable.”

Applying the result of Himmelberg (1975) stated above, it follows that the set F' is weakly
measurable. Hence, by the Kuratowski-Ryll Nardzewski theorem, there exists a weakly mea-
surable selector o of I. For any z* € E*, z*(f(.)) is measurable as a scalar function. Since
is separable and weak-measurability with separability implies measurability, it follows that
o is measurable. For a given w € (2, there exists some subsequences {o,, (w)} of {o,(w)}
such that o, (w) converges weakly to o(w) as k — oco. By the uniform convexity of the space
E, it follows that the set I — T'(w,.) is demi-closed by the Browder’s theorem (cf. Browder
(1965). By the demi-closedness of I — T'(w,.) = G(w,.), since {x,} converges weakly to xg
and G(w, x,) converges to zj, it follows that G(w, xg) = . From this property and equation
(4.1) , it follows that o(w) is a fixed point of T'(w,.). We have already established that o(w)

is measurable. Hence o(w) is the random fixed point of the random map 7.

Theorem 4.8: Let E be a uniformly convex separable Banach space, K be a closed conver
and bounded subset of E. Let (Q, B, 1) be a complete probability space and T : @ x K — K be
a condensing map for every w. Suppose that T'(w,.) is compact for w € ). Then there exists

xo € K such that T'(w, o) = zo,w € .
Proof: The result follows from Theorems 4.1,4.6 and 4.7.

Theorem 4.9: Let E be a compact convex subset of a separable Banach space X and T :
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QO x E — FE be a random operator which is compact. Then the operator T has a random fixed

point.

Proof: Since the set E is a compact subset of a complete metric space, the set E is bounded.
Therefore the set T'(w, E') is compact for every w € Q. Therefore, for every w, the operator
T(w, .) has a fixed point by the Schauder’s fixed point theorem. Let I : Q — 2% be such that
I(w) ={z: T(w,z) =z} as in Lemma 4.2 and Theorem 4.1. The set I(w) is closed as T'(w, .)
is continuous. Furthermore T'(w,.) is a compact operator. Therefore the set I(w) is compact.
Then, following the arguments similar to those given in Lemma 4.3, it can be shown that
the set I71(C) is measurable for every closed subset C' of E. Therefore the operator T has a

random fixed point.

Remarks: The condition on the separability of the space X can be relaxed because the

space E is compact and hence separable.

Theorem 4.10: Let X be a non-empty bounded closed convex subset of a Banach space
E. Suppose M is a compact convexr subset of X and ( is a countable family of commuting
orbitally reqular maps such that, for each v € X and f € ¢, Orb(f,x) N M # ¢. Then there
exists a point xog € M such that f(xg) = x¢ for every f € (.

Proof : Let C be any closed non-empty convex subset of X such that f(C) C C for every

f € ¢. Choose = € C. Since f(C) C C, it follows that the Orb(f,xz) C C and therefore

CNMDOrb(f,x) "N M # ¢.

Therefore CNM # ¢. Let k be the family of non-empty closed convex subsets of X invariant
under (. Then x € k and hence k is non-empty. Let us order the sets in x by inclusion. If
K € k and K # ¢, then K N M # ¢. Every finite subfamily of £ has a non-empty minimal
element. By the Zorn’s lemma, the family x has a minimal element K*. Let M = K*N M.
Then M # ¢. Furthermore, for zo € M, the set Orb(f,xo) is contained in M and the set
m is a closed subset of M. Hence, by the orbital regularity of the maps f in (, each
f has a fixed point in M. By the orbital regularity condition (Ry), it follows that f(z) = =
for every z € M and for every f € (.

Theorem 4.11: Let X be a non-empty bounded closed subset of a separable Banach space
E. Let (2,8, 1) be a complete probability space. Suppose A is a countable set and w denote
any element Q. Let T* : Q x X — X be a random map for every X\ € A and orbitally reqular
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for every w € Q. Suppose that the family {T*, X € A} is a commuting family and the set M
is a compact subset of X such that , for every x € X, and for any w € Q and A € A,

Orb(TMw,z)) N M # ¢.

Let FMw) = {x : TM(w,z) = x}. Then the function d(x¢, F*(w)) is a measurable function
and the family {T*,\ € A} has a common random fived point.

Proof : Given w € €, let F(w) = M where the set M is as defined in Theorem 4.10. The set
M is a compact set and the function d(z, M ) is measurable, since, for each A, the set F A (w)
is such that the function d(zg, F*(w)) is measurable. Therefore the function F : Q — 2% is
itself a measurable multi-function. Now the function F' has a measurable selector o :  — X
by Kuratowski-Ryll Nardzewski lemma, o(w) € M for every T*(w,.) and TM w, 0(w)) = o(w)
for every A. Therefore the family {7*(w,.), A € A} has a common random fixed point.

5 APPLICATIONS

Let C be a closed subset of R and X be the linear space of bounded continuous functions
on C. Then the space X is a Banach space under the supremum norm. Let (£, B, P) be a
complete probability space and k : C x C x Q — R be a continuous bounded function for
every w € () generating a p-set contraction or strictly condensing map with condensing factor
p,0<p<1. Let f:Cx R"™ — R' be a bounded continuous function. Let 3 be the cone of

nonnegative functions in X. Define a random operator K : X — X by the mapping
Ka(s)(w) = /C k(s,t,w)a(t)dt,w € O

for z € X. The operator K is called the random operator generated by the function k. Define

(5. 1) (Fz)(s) = f(s,z(s)),z € X.

Theorem 5.1: Let the functions k and f be as defined above. and suppose the following
conditions hold:

(C(i)) the function k(s,t,w) is measurable in w or every (s,t) € C x C;

(C(ii)) sup{ [ |k(s,t,w)|dt,s € C} = M < oo a.s. [P];

(C(iii)) there exists A > 0 such that

inf{k(s,t,w):s € C} > X sup{k(s,t,w):seC}
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for every w € Q and for every t € C,

(C(iv)) the function f(s,t) is a non-decreasing function in t for each s € C' and is bounded
forse€ C andt € [0,00); and

(C(v)) there exists r > 0, such that

r— AMinf{f(s,r) :s € C} <0
and 6 > 0 such that
|f(57'1:) _f(say)| S (S|l'—y‘,5 € C,x,y € [T?OO)‘

Suppose 0 < pd < 1 where p is the condensing factor of the condensing map generated by
the function k(s,t,w). Then there exists a non-zero random solution to the random integral
equation

(5. 2) 2(s,w) = / k(s,t,w) (£, 2(t, w))dt.
C
Proof: Let K be the random operator generated by the function k. Let

E={zeX:xz(s) >0 forall seC}

and
E'={z € X :inf{z(s) : s € C} > X sup{z(s);s € C}}.

It can be seen that both the sets E and E’ are cones in the Banach space X. It is enough to

prove that there is a non-zero measurable solution to the operator equation
r=KFzx

where F is defined by (5.1). Let T'= KF. We will show that K(F) C E’ for w € Q and the
mapping T'(w,.) is a dp-contraction compressing the cone E’. Observe that K(E) C E since
k:C x C — R". Suppose z € E. Fix w € Q. Then

inf{ /C k(s,t,)a(t)dt : s € C} > /C nf{k(s, t,w) : s € Ca(t)dt
> A / sup{k(s, t,w) : s € Cya(t)dt by (C(iii))
C
> A sup{/o k(s,t,w)x(t)dt : s € C'}

for every w € Q. Let D = {x € E' : [[z|| > §} where r and X are given by the conditions
(C(iii)) and (C(v)). Note the x € E" and [|z|| > % imply that inf{z(s) : s € C} > r. It
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follows, from the condition (C(v)) ,that the map F' : D — E is a J-contraction, Then, by
a theorem from Potter (1974), it follows that 7' = K F is a dp-set contraction. or a strictly

condensing map with condensing factor. Suppose z € E" and ||z|| = §. Then
(@=Ta)ls) = ()= [ kls.tw) st a(0)dt
C
< llall = [ ks, t.) £t Alal et

The last inequality follows from the definition of the set E’ and the condition (C'(v)). Hence

(o= T(@))(s) < 5 — f{f(s,7) 55 € c}/ k(s,t, wd.
C
Let s¢p € C such that
/ k(so,t,w)dt > M — €
C
where € > 0 such that
r— XM —e€)inf{f(s,r) :s€ C} <0

following condition (C'(v)). Then (z — T'z)(sp) < 0 and hence x — Tz is not in E. Since
E' C E, it follows that  — Tz ¢ 0 for all z € E, ||z|| = § where “o is the ordering induced
by E’. Suppose y € E'. Then

(v =T9)(s) = y(s) = [ k(s ) f(t.y(E)dt = Nyl| = MM’

by the conditions (C(i4)), (C(ii7)) and (C(iv)) where M' > f(s,y) for all s € C and y €
(0, 00). Therefore, if ||y|| > MTM’, then

(y —Ty)o0

for all y € E' and ||y|| = 7 where v is a constant greater than MTM/ From the above
observations, it follows that T : F' Ty E’ is a compression of the cone E’ for every w €
where
r
F%WZ{QTEE/:XSHUCH <7}

Therefore the set {x € Fr  : To,x = «} is nonempty (cf. Potter (1974)). This holds for every
w € Q. An application of Theorem 4.1 implies that there exists a measurable solution of the
equation

r=Tx,x € Fgﬁ

for the equation (5.2) which proves the theorem.
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Theorem 5.2: Let (2, B, P) be a complete probability space, C' be a closed subset of R™ and
k(t,s,w) be a measurable function for every (s,t),s € C,t € C as defined in Theorem 5.1.
Further suppose that the following conditions hold:

(D(i)) supy,eq sup{ [ |k(s, t,w)|dt : s € C} = M < oo;
(D(i7)) there exists A > 0 such that

inf{k(s,t,w):s € C} > X sup{k(s,t,w):se C}forallwe Q,teC.

(D(iii)) the function k(s,t,w) is measurable in w for any fized (s,t) € C' x C,

(D(iv)) the function f(s,t,w) is measurable in w for any fized (s,t) € C x C;

(D(v)) the function f(s,t,w) is non-decreasing function in t for any given s € C,w € Q and
it is bounded for all s € C;t € [0,00),w € ;

(D(vi)) there exists r > 0 such that

r— AMinf{f(s,t,w):s € C} <0,w € Q

and 6 > 0 such that

F(5,2,0) = f(5,5,0)] <6 2~ yl,5 € Crw € Q7 <,y < oo,
(D(vii)) Suppose 0 < pd < 1 where p is the condensing factor of the condensing map generated
by the function k(s,t,w).
Then there exists a a measurable solution to the stochastic integral equation

(5. 3) z(t,w) = /Ck:(t,s,w)f(s,x(s,w),w)ds,w €.

Proof : The proof is similar to that given for proving Theorem 5.1. An application of

Theorem 4.1 shows the existence of a random solution to the equation (5.3).

Let (92,8, P) be a complete probability space and p be a complete o-finite measure on
(RT,By) where B; is the o-algebra of Borel subsets on (0,00). Let z(t,w), h(t,z(t,w)) and
f(t,z(t,w),w) be n-dimensional random vectors for each t € R*. Let (™) denote the linear

space spanned by the real-valued n-dimensional random vectors defined on the probability
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space (2, B, P) such that each component of the random vector belongs to L. (2, B, P). For
any z(w) = (1(w), ..., zn(w)) € XM, define

l|z]|sm = gggxn{ess ~ sup Tk (W)}

with the term ess —sup is taken with respect to the probability measure P. Let g : RT — RT
be a real-valued positive continuous strictly increasing function such that g(t) — oo ast — oo.

Define the Sg-norm of a random vector x(¢,w) by

||z(t, wl|s o)
||z (t, w)lls, = sup {———=—}
Y teRmt g(t)

Let So be the set of continuous mappings from R into (). Further suppose that, if z € S,
then the function f(s,z(s,w),w) is continuous from R into 2" In addition, suppose that
the function k(t,s,.) : RT x Rt — L (Q, B, P) is continuous in ¢ for almost all s € R™.

Furthermore, for every t € R™ and x € Sy,
[ Ikt s,)a(s.0) o di(s) < o0,
Further suppose that there exists a function A defined p-a.e such that
10kt 1,0) = ks, 1,0))a (s 0) g < ) [o(ty0)l o0 — e

and

A(u)||z(s,w)||smy is p— integrable for z € Sp.

The conditions stated above ensure that the integral
| ks tw)a(s,w)du(s)
C

exists. Let S, be the set of continuous functions x(t, w) from R into (™ such that ||z (¢, w)| s, <

Q.

Theorem 5.3: Suppose the conditions stated above hold with the function. Let C' be a closed
subset of R". Further suppose that the following conditions hold with g(t) = €™ for some
T > 0:

(E(7)) there exists constants 8 > 0 and o > T such that

[ k(s to)llg(s)dis) < 6 ="t € R
C
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(E(i1)) the function f(t,z(t,w),w) is a continuous function from RT into the linear space
¥ such that,
for [|z(t, w)lls, < p. lly(t,w)lls, < p,

‘|f(t7$(t7w)7w) - f(tay(taw)ﬂw)HE(") <A Ha;(t,w) - y(t7w)HE(n),tER+

where X\ and p are positive constants.
(E(i)) the function h(t,z(t,w)) is a continuous function from RT into £ such that for

HHZ’(t,w)HSQ < 2 Hy(taw)HSg < P
Hh(t, x(t7w)) - h(tvy(tvw))HE(") < ’ny(t,w) - y(tvw)HZ("),tERJr

where v and p are positive constants. Then there exists a unique random solution to the

random integral equation

(5. 4) z(t,w) = h(t,z(t,w)) + /Ck:(s,t,w)f(s,a:(s,w),w)du(s),w € Q.

We shall prove a lemma before proving the Theorem 5.3.

Lemma 5.4: Let the kernel k(s,t,w) be defined as given above. Let Sy be the set of all

continuous functions from RT into ¥". Define
(Tz)(t,w) = /Ck:(s,t,w)x(s,w)d,u(s),x exm,
Then the function I' maps Sy into itself and the mapping is continuous.
Proof: Note that the set Sy is a locally convex space with the topology of uniform conver-

gence on compact sets and it is a Frechet space with the metric

oo Lz =9yllm

gy) =5 1L Jlm

where

[t @)llm = sup [|z(t,w)llse, Km = [0,m],m = 1.

m

Note that RT = U_; K,y,. Let

(T) (£, ) = / k(t, 5,0)2(s, w)du(s).

m
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Suppose = € Sy. Let t,, — t as n — oo. It is easy to see that
|(T2)(tn, w) — (Pz)(t, w)][50m — 0

as n — 0o by the dominated convergence theorem. Hence I'x € Sy if x € Sy. Suppose that
xj — x in Sp, that is, the sequence of functions {z;(¢,w)} converge to the function z(¢,w) in
the space Sy endowed with the topology of uniform convergence on compact sets.Let n > 1.
Then

|(C) () = Co) )l = sup ] [ h(E s, ) (s, (o)

= [ kit siw)e (s )dpls) o

< sup‘[; (2, 5, @) (5, ) — (5, )| dpa().

teKn

Note that ||z;(s,w) — 2(s,w)||xm) — 0 as j — oo uniformly on the compact set K,,. Hence,

given € > 0, there exists ng depending on m such that, for every j > ng,

(Tmz;)(t,w) — (Tmz)(t, w)|]n < € sup / [|k(t, s,w)||du(s)

teKn

by the definition of the operator I'),. Observe that the function

[ Ikt s,w)ldu(s)
Km

is a continuous function in ¢t € K, and the set K, is compact. Therefore there exists a

constant B,, > 0 such that

/ 1k (t, 5,0)||d(s) < Bnyt € Kon.
Km

Hence, for j > ng,
(T}t w) — (T} (£,0)] [0 < Be.

Hence, for each m > 1,(I'yx;)(t,w) converges to (I'yyz)(t,w) as j — oo. Furthermore
(I'yx) (t, w) converges to (I'x)(t,w) as m — oco. Hence, by a theorem in Dunford and Schwartz

(1958), p.54, it follows that I' is continuous on Sy.

Proof of Theorem 5.3: Let
(@@)(tw) = h(t,a(t,w)) + [ k(t3.0)f(s,2(5,0).0)du(s)
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where Q : E — E and E = {x: x € S, and |[z]|s, < p}. We will show that the operator @ is

a random contraction mapping. Observe that, for x € Sy,

Tt @llser < [l s.@llla(s,0)lsdi(s)

latt.w)ls, [ lkGs.t.)llg(s)dus)

< lz(t,w)|]s, 06" < oo,

A

Hence |[T'z||s, < oo and (I'z)(t,w) € S,. Therefore I'(Sy) C Sy. By Lemma 5.4 and the closed

graph theorem, it follows that I' is a bounded linear operator on S,. Note that
1Qz)(t, w)lls, < [[A(t, z(t,w))lls, + O™ || (t, 2(t, w), w)]]s,-
Let 8 > 0 such that 8 > 6 and v+ A8 < 1. Then
Q) (t,w)lls, < (v + AB)[|z(t,w)lls, + [[A(t0)lls, + BIIf (2 0,w)lls, < p.
Therefore (Qz)(t,w) € E whenever x(t,w) € E. Similarly, for v € E and y € E,
Q) (¢, w) — (Qy)(t,w)lls, < (v + AB)[|=(t,w) — y(t,w)]ls,-

Therefore the mapping ) : £ — FE is a contraction mapping. By the existence of a random
fixed point for non-linear random contraction mapping (cf. Bharucha-Reid (1976)), the
equation (5.4) has a solution which is an almost surely continuous vector-valued process.

Suppose there exist two solutions z and y. Observe that
||z (t,w) — y(t7w)|‘2(n) < ae b

for some a > 0 and b > 0 and the last term tends to zero as ¢ — co almost surely. Hence the

solution is unique almost surely.
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